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Phenomenological models of the energy dependence in fission

W. Younes
Lawrence Livermore National Laboratory, CA 94551
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Abstract

We present a detailed analysis of two phenomenological models of nuclear fission, with a particu-
lar emphasis on the mechanisms used by those models to predict fragment properties from induced
fission, as a function of incident energy. The formalism for both models is presented and applied
to the study of fission-fragment properties (yields and energies) for the 23°U (n, f) and 23Pu (n, f)
reactions. The goal of this report is to lay the foundation for a hybrid approach where the ad-
vantages of the internal consistency of microscopic calculations (based on an effective interaction
between protons and neutrons) can be combined with the adaptability of phenomenological models
tuned to known data. This hybrid approach can in principle lead to more predictive power and

accuracy than either microscopic or phenomenological models alone.



I. INTRODUCTION

The description of induced nuclear fission and of the properties of fission fragments, as
a function of incident energy, remains a great challenge for both theorists and experimen-
talists. The current state-of-the-art microscopic theories of fission in development at LLNL
and around the world can be expected to produce a more fundamental understanding of
the phenomenon in the long term and, more practically, general trends of properties in
the short term. But until these approaches fully mature over the coming years, wherever
high-precision nuclear data are required, phenomenological models tuned to available exper-
imental measurements, remain the necessary bridge between experiment and theory.

Phenomenological models are designed to incorporate selected features of more fundamen-
tal theories with adjustable parameters, while being generally simpler and more tractable
than the theories they emulate. The free parameters in these models are tuned to experi-
mental measurements, making them a useful tool for evaluating nuclear data. While it is not
usually possible to deduce the more fundamental theory from phenomenological models, it
is nevertheless possible to learn from them the general features that the fundamental theory
must have in order to reproduce the data.

In this report we examine two phenomenological models, developed by Ruben et al. [1]
and Schmidt et al. [8, 9], respectively, to predict fission fragment properties for induced
fission as a function of incident energy. The two models differ widely in complexity, from
the relatively simple model of Ruben et al., to the complex assembly of models of Schmidt
et al. designed to predict a wide array of fission observables. These two models were
selected because they could reproduce the experimental data, and contained readily identi-
fiable mechanisms to treat the incident-energy dependence. The goal of this study was to
extract this energy dependence and to examine if and how these models could be used with
microscopic ingredients to provide reliable data wherever experiments cannot be performed.
In order to gain a deeper understanding of these models and combine them with other (more
microscopic) fission calculations, both phenomenological models were re-coded in full for this
study. Though coding the models proved to be a daunting enterprise, it was a necessary
step in order to 1) identify important aspects of the models that are never mentioned in the
literature, and 2) make available the various components of the code to better understand

the origin in the models of features in the observables they calculate. The formalism used



in each of the models is presented in section II. Results from calculations using the models

are compared to experimental data in section III.

II. THEORY
A. Ruben et al. model

1. General philosophy

The Two-Spheroid Model (TSM) of Ruben et al. [1] is relatively simple and manages
to predict reasonably well the fission-fragment excitation and kinetic energies as a function
of incident energy, without a great deal of cumbersome formalism. As the name suggests,
the model begins with a simple picture of two spheroidal fragments at scission. The central
equations of this model stem from the minimization of the potential energy in this scission
configuration, and from the conservation of energy in the fission process. The model requires
shell correction energies for each fragment, and rests on a number of simplifying hypotheses
(Fermi-gas model for intrinsic fragment energies, assumption of equal temperature of the

fragments at scission, quadratic form of the deformation energy of the fragments).

2. Basic formalism

In the TSM, two spheroidal fragments with semi-major axis lengths D; and Dy, respec-
tively, are separated by a “tip-to-tip” distance d. The Coulomb energy of the system at

scission is given by

Z1Z262
Ecou - = = 5 1
' Di+Dy+d (1)

and the deformation energy of each fragment is assumed to be quadratic in the change of
radius relative to a spherical nucleus with radius R;, where the index ¢+ = 1,2 labels the

fragments,
Ec(lle)f = O (Dl - Rl)2

Note that in all that follows, we will never need quantitative values for D; and R;; only

e fact that the EV epend quadratically on these variables is important. Neglectin e
the fact that the E{; depend quadratically on th bl tant. Neglecting th
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nuclear interaction between fragments at scission, the potential energy, consisting of the sum
of the Coulomb and deformation energies, is minimized with respect to the lengths D; and
Ds, and the relation

Eou
l (2)

Y _
el doy Z2 23t

is obtained. This is the first of two central equations in the model. The deformability

parameter «; for each fragment is obtained from a liquid-drop model value [3]

2

A
arpy (A) = 2.86 — O.OGBOZ

modified by shell-correction energies W, according to the semi-empirical relation [2]

K — §W (A)

« (A) = OLDM (A) m

(3)

for a fragment of mass number A and with K = 8.0 MeV. A temperature dependence of the

shell correction energies is introduced, as described by the Bohr-Mottelson relation [17]

t? cosht

SW (A, 1) = 6W (A, 7 =0) — 2"
(4,7) A7 =00

(4)

where the dimensionless parameter ¢ is related to the temperature 7 via

212

t =
hwsh

T

and Aw,y, ~ 25A71/3 is the shell-energy distance. The total excitation energy (TXE) of the
fragments and their total kinetic energy (TKE) are related to the Q value of the reaction

by conservation of energy
TKE+TXE = Q (5)

This equation, along with Eq. (2), form two central equations in the theory. The TKE itself
is the sum of the Coulomb energy at scission (Eq. (1)) and a pre-scission energy acquired

in the descent from saddle to scission,
TKE = Epre + Ecou (6)
where the pre-scission energy is given by the semi-empirical formula [5, 6]

Z2
Epe = 224N 695 (MeV)

Acn
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where Zon and Acy are the charge and mass number, respectively, of the compound fission-
ing nucleus. The total excitation of each fragment is the sum of its intrinsic and deformation

excitation energies,

ED = EY + EY (7)

int e

where the assumption is made that the fragments are at the same temperature 7 and that

they obey a simple Fermi-gas law,

By, = ar? (8)

7

with a; the level density parameter corrected for shell effects [4, 5]

i A oW, B @)
a; (A, Eé),(SWo) =3 [1 + E"? (1 | e 0-05E; )] ©)

and where dW, (A) = 0W (A, 7 = 0) is the shell correction energy at zero temperature.
Finally, the incident energy (F, in the case of neutron-induced reactions) contributes a

“heat” energy Ej to the nucleus, measured above the second saddle,
E, =S, +FE,—Eg—A (10)

where .5, is the neutron separation energy in the compound system, Ep is the barrier height,
and A is the pairing gap above the second saddle, and with the constraint that E, > 0. It
is assumed that the total intrinsic energy of the fragments can be decomposed as the sum of
this heat energy above the saddle, and the energy Ej; dissipated in the descent from saddle

to scission,
E\) + B = Ey+ Eais (11)
where Eg; is taken to be [6]
Egs = 6.2 (MeV)

for 255U (ng, f).

3. Solution algorithm

There is an implicit recursive structure in the formalism outlined in section IT A 2, tied

to the two central equations (Eq. (2) and Eq. (5)) of the model. If we choose values of the
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TKE for the fragments and corresponding excitation-energy ratios

(1) (1)
Ex Es
P= 20 p@ ~ (12)
EYY + B TXE

then, for a given incident energy F, (and therefore a corresponding Q value), we can imme-

diately deduce the values of EY and EY from the conservation of energy Eq. (5). On the
other hand, given E,,, Eg(gl), and Ef) we can deduce the TKE and p values starting from Eq.
(2), and working through the formalism to Eq. (6). It is not immediately clear that Egs.
(2) and (5) are consistent with each other.

The ambiguity that arises from this internal consistency issue complicates the application
of the formalism, but is not explicitly discussed in the literature related to this model. This
difficulty is compounded by the fact that the details of the model are not always easy to
find in the literature. For this reason, we have developed our own algorithm to enforce
consistency between Egs. (2) and (5) and implemented it in a Mathematica script [7].

The application of the algorithm does not involve any adjustment of parameters. It begins
with initial guesses for the TKE and energy-ratios p of the fragments, then the formalism
in section IT A 2 is used to calculate new TKE values. a range of reasonable values of TKE
and p is systematically searched, and those that provide the best agreement between initial
guess and final TKE values is selected as the correct choice. The algorithm proceeds as

follows:

1. Start with initial guesses for TKE and p for each fragment

2. Calculate the total excitation energies of the fragments from Eqs. (5) and (12),
EY = pTXE
E® = (1—p) TXE

3. Calculate the common temperature of the fragments from Eqs. (8) and (11)

B ErE
aq + (05} aq + a9

with the level density parameters a; and ay given by Eq. (9).

4. Deduce the deformation energies from Eqs. (7) and (8),
By = BV —ay7?

x

Ec(li} = E? — qy7?



5. Calculate the deformability parameters «; using Egs. (3) and (4)

6. Deduce the TKE from each fragment, using Egs. (2) and (6)
22 a6) \
TKE; = Eye+ (402323 ES)y)

The index ¢ in T'K E; refers to the fact the the total kinetic energy can be calculated
using the properties of either fragment. In fact, the two estimates are mathematically

equivalent by virtue of Eq. (2), which implies
aEyy = oy
and therefore TKFE, = TKFE,.

7. As a measure of consistency of the model, we calculate
S = (TKE — TKE;)’
where ¢ = 1 or 2 (see explanation in step 6).

The form of S in step 7 is designed to enforce consistency between the initial guess for
TKE, and its deduced values. Therefore, the algorithm above is used to explore a range of
possible value of p and TKE to find the set that minimizes the value of S. The need to
enforce this consistency can be seen more clearly now by tracing the dependence of «; and

E(i)

dey Used in step G: the deformabilities a; depend on the temperature 7, which depends on

the level density parameters a;, which depend on the excitation energies Eg(f), and which are
themselves related back to p and TKE. Likewise, the Ec(li)f energies depend on the fragment

excitation energies E;Ei), and therefore on p and TKE.

B. Schmidt et al. model
1. General philosophy

The general fission model (GEF) developed by Schmidt et al. [8, 9] is fairly complex
and calculates a plethora of fission observables. Given the charge (Z¢n) and mass (Acy)
numbers of the fissioning nucleus, and the energy (E,) of the incident neutron, the model

calculates the following quantities:



e VYields as a function of fragment charge number

e Yields as a function of fragment neutron number (both before and after neutron emis-

sion)
e Yields as a function of fragment mass number (both before and after neutron emission)

e Independent mass-chain yields as a function of fragment mass and charge number

(both before and after neutron emission)
e Spectrum of prompt gammas
e Spectrum of prompt neutrons in the center-of-mass system
e Fragment angular-momentum distribution (both before and after neutron emission)
e Relative independent isomeric yields
e VYields as a two-dimensional function of fragment mass and kinetic energy
e Neutron multiplicity distribution

The basic principle underlying the GEF model is that the features of fission yields are de-
termined by the liquid-drop model (LDM), modified by shell corrections. These shell effects
are assumed to depend on the fragments, but not on the fissioning nucleus. Thus, fission
is described by three main fission modes (corresponding to valleys in the potential energy
surface): the superlong (SL) mode associated with the LDM; the S1 mode for spherical
heavy (A ~ 134) and deformed light fragments, and the S2 mode for moderately deformed
heavy (A ~ 140) and moderately deformed light fragments. In addition, an S3 mode is used
for very asymmetric fission. In the description of the formalism below, the modes will be
designated by the index ¢ with ¢ = 0 for SL, ¢ = 1 for S1, etc. In addition, the model tries
to include both dynamical and quantum-mechanical effects.

Dynamical effects are introduced to take into account the evolution of the fissioning
system from its initial formation to scission. It is well known, from limitations of scission-
point models (see e.g., [13, 25]) that the detailed behavior of the fissioning nucleus prior
to scission plays an important role in determining fission observables (e.g., the width of

the fragment mass distribution). In the formalism of the model, dynamical effects are



invoked to justify the assumption that different observable quantities are “frozen out” at
specific stages of the fission process. In particular, it is assumed that mass distributions
are essentially determined by the time the outer saddle is reached, while charge polarization
(the amount by which the charge number of the fragment differs from a simple Unchanged
Charge Distribution (UCD) [14] estimate) is fixed closer to scission.

Quantum-mechanical estimates of these dynamical effects are obtained using the simpli-
fied picture of a quantum-mechanical harmonic oscillator coupled to a heat bath at finite
temperature, and is used to characterize the motion (vibrations) of the nucleus perpendicular
to the fission path. In practice, this quantum-mechanical picture introduce zero-point mo-
tion of the harmonic oscillator, which is used to calculate widths of fragment distributions.
In addition, the “orientation pumping” mechanism [15], due to the uncertainty principle, is
used in the model to account for the angular momentum of the fragments.

For the purposes of this report we will be primarily concerned with the treatment of the
energy dependence of those yields in the model. The dependence of the model on incident
neutron energy appears principally in three places: 1) the magnitude of the yield for each
mode, 2) the width of the mass distribution for the mode, and 3) the excitation energy of
the fragments, which then determines the multiplicity and energy of neutrons and gammas
emitted by the fragments. We briefly describe the salient features of the energy dependence

in those three aspects of the model next.

2. Energy dependence of fission mode yields

For each fission mode 7, the total yield Y; is given by the product of a constant-temperature

state density and a Hill-Wheeler barrier transmission coefficient,

exp | BT,

Y, = — (13)
o |20 (5
A=
where T}E? is the intrinsic temperature given (in MeV) by the empirical formula [10]
. F. , ,
T (Acw, 0U0) =~ (1745 - 051600 + 0.51 (3U)°) (14)
AN

and where F,oq is an empirical reduction factor set to 0.8 in the calculations, and sU® is a
(1)

.,  has a value of ~ 0.3

shell correction energy. The “effective temperature below barrier”, 7,
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MeV for each mode i. The excitation energy Eg(f) for each mode is measured relative to a

corresponding calculated saddle height B;,
where F), is the incident energy and S, is the neutron separation energy in the fissioning

nucleus.

3. Energy dependence of fission mode widths

For mode i, the associated potential energy is expanded to second order in the charge Z

[11],
VO (7) = VO (29) + 9 (7 — Z))? (15)

Placing the system in a heat bath of temperature 7', the corresponding probability of the

system having charge Z is given by the Boltzmann distribution
P (Z) e VW(2)T

¢ (7 - Z§“)2
T

x exp |—

which is a Gaussian with variance
ol = —— (16)

This is the basic form used to calculate the widths of charge distributions for the different
modes. The coefficients C¥ are expected to have an energy dependence for i # 0 due
to the washing out of shell effects. The collective temperature 7" in this case is given by
a fairly complicated expression which becomes roughly linear in excitation energy EY for

EY > 0.7 MeV. The coefficients C®) are given an empirical energy dependence

(4)
, E!
Cc® _ it
o P ( 18.5)

where EI(I;); is the excitation energy Eg(f), reduced by a pairing energy.
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4. Energy dependence of the fragment excitation energies

The excitation energy above saddle, Eg(f), appears as intrinsic energy of the fragments via
the “energy-sorting” mechanism described in [12]. The sum of intrinsic excitation energies
for the light and heavy fragments, in a form reminiscent of Eq. (11), is given by the sum
of excitation energy above saddle (E;Sf)) and a contribution from the descent from saddle to

scission.

5. Solution algorithm

Without going into great detail, we list here the important steps in the execution of the

GEF algorithm:
1. Calculate shell correction energies
2. Calculate fission barriers
3. Calculate excitation energies above those barriers
4. Calculate the yield magnitude for each fission mode (Eq. (13))

5. Calculate collective temperature for each fission mode (needed for the calculation of

the mass distribution widths)
6. Calculate mass distribution width for each fission mode (Eq. (16))
7. Calculate deformations of fragments
8. Calculate charge-number polarization of fragments (relative to UCD estimate)

9. Calculate mass-distribution centroids using the charge polarizations obtained in the

previous step
10. Calculate even-odd effect on yields
11. Calculate stiffness in polarization (needed in the calculation of charge distributions)

12. Construct pre-neutron fragment distributions using the yield magnitudes, widths, and

centroids obtained in the steps above
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13. Calculate excitation energy of each fragment consisting of contributions from defor-
mation, intrinsic (via the energy-sorting mechanism [12]), and collective energy (taken

as a fraction of the energy acquired in the descent from saddle to scission

14. Calculate neutron evaporation by subtracting kinetic and separation energy of each
emitted neutron from remaining excitation energy, until there is insufficient energy

left to emit any more neutrons

15. Construct post-neutron fragment distributions from the pre-neutron distributions and

calculated emission information

III. DISCUSSION
A. Ruben et al. model

Our initial attempts to reconstruct this model based on published descriptions were not
entirely successful. After many attempts we found that, in order to replicate the author’s
calculation, the barrier height Fp in Eq. (10) could not be taken as a constant, but had to
instead depend on the fragment mass. In the end, this variable barrier height was found by
assuming that the experimental mass yield is roughly given by

=y

Y (A) x exp {— (17)

with 7w, = 1 MeV, and where the yields Y (A) were taken from experiment at thermal
neutron energies. Intuitively, Eq. (17) incorporates the basic feature of the Hill-Wheeler
transmission coefficient whereby the yields of fragments from symmetric to very asymmetric
division of the nucleus are essentially determined by excitation energy above the barrier.
The effect of this variable barrier can be seen in Fig. 1 which shows the difference in
TKE(A) between E,, = 6 MeV and thermal energies for ?3U (n, f). The curve labeled “Ep
from Y (A)”, obtained using Eq. (17) is in good agreement with the original calculation by
Ruben et al., in contrast to the standard calculation with constant barrier height (labeled
“Ep = const”). Both the Ruben et al. and present calculations using a variable barrier are
in good agreement with the experimental data. Figs. 2 and 3 show similarly good agreement

between experimental data and calculations for £, = 1 and 4 MeV, respectively. Thus the
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Figure 1: Difference between fragment kinetic energies at E,, = 6 MeV and thermal. Experimental

data [20] are compared to the two-shell model (TSM) of Ruben et al. [1]. See text for details.

trends in TKE as a function of FE, are well reproduced by the washing out of shell effects

according to Eq. (4).

B. Schmidt et al. model

The GEF code uses a Monte-Carlo approach to generate the pre- and post-neutron frag-
ment distributions. We have reprogrammed this code as a Mathematica [7] script using
deterministic, analytical formulas instead, in order to better understand the details of the
formalism. Having analyzed the code in detail, we proceeded to calculate post-neutron mass
distributions and compared them to evaluated chain yields [16]. The comparisons between
GEF and experiment are shown in Fig. 4 for ?3U (n, f), and Figs 5 and 6 for #Pu (n, f).
In general the agreement between experiment and theory is fairly good, with discrepancies
of at most &~ 25%.

The results in Figs. 4-6 are certainly very encouraging, but they only showcase the
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Figure 2: Same as Fig. 1 for £,= 1 MeV.

model’s ability to reproduce relative quantities (since the total yield, integrated over all
fragment masses, must equal 200% by convention). In Figs. 7 and 8 we examine the
model’s ability to predict absolute quantities. In Fig. 7, we show the average neutron
multiplicity for the U (n, f) and ?Pu (n, f) reactions, as a function of incident energy,
compared to the corresponding ENDF/B-VII evaluation. In both cases, the GEF calculation
overestimates the evaluated curve by a small but noticeable amount. This result may indicate
an overestimate of the excitation energy of the fragments, which is further supported by the
kinetic-energy plots in Fig. 8.

Fig. 8 compares the GEF calculations of kinetic energy relative to thermal-neutron
induced fission to the TSM model results displayed in Figs. 1, 2, and 3. These curves were
obtained from the two-dimensional yields as a function of fragment mass and kinetic energy
produced by the GEF code. The GEF calculations clearly show that an excessive amount
of the energy contributed by the incident neutron is dissipated into excitation energy of the
fragments, to the detriment of their kinetic energies. In fact, the GEF curves showing the

TKE of the fragments, relative to the TKE due to thermal-induced fission, underestimates

14



w
—o—]

1 e Straede (86) 1

— Ruben (91) T
Present work I

N

DTKE (MeV)
[N o

'
N

[EEN
B||||IIIIIIIIIIIIIIIIIIIIIJIII
F—o—

|
130 140 150 160
Fragment mass

00

Figure 3: Same as Fig. 1 for £,= 4 MeV.

the data and TSM calculations by up to several MeV’s, with the worst discrepancies near

very symmetric and very asymmetric fission configurations.

IV. CONCLUSION

We have studied the treatment of the energy dependence of fission in two separate phe-
nomenological approaches with very different levels of internal complexity. The two models,
by Ruben et al. and Schmidt et al. respectively, rely on a standard washing-out of shell
effects with increasing temperature to reproduce experimental trends in fragment yields and
energies as a function of incident neutron energy. The Ruben et al. model provides good
qualitative agreement with kinetic-energy trends for #*°U (n, f), while the Schmidt et al.
model gives a 25% or better agreement with measured fission chain yields for 23U (n, f)
and *Pu (n, f), with less satisfactory results for the kinetic energies of the fragments. The
contrast between the complexity and performance of the two models is illuminating in itself.

At one end of the spectrum, the GEF model of Schmidt et al. represents one extreme of
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Figure 4: Experimental chain yields for 23°U (n, f) [16] compared to calculations using the GEF

model.

sophistication for phenomenological models and is able to predict a vast array of experimen-
tal observables for many nuclei, yet it is outperformed in the prediction of the total kinetic
energy of the fragments by the much simpler TSM model of Ruben et al. There are several
observations that can be drawn from this contrast. First, fission is an extremely difficult
phenomenon to describe, and it should come as no surprise that even the most sophisticated
models can produce satisfactory results for some observables while encountering greater
difficulty with others. In general, the ~ 25% agreement between model and experiment ap-
pears to be a reasonable fiducial level of agreement that can be expected for modern models

and theories of fission. Second, in light of the complexity of the fission problem, internal
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Figure 5: Experimental chain yields for 23*Pu (n, f) [16] compared to calculations using the GEF

model.

consistency of the models becomes of paramount importance. Thus, the true test of the
predictive power of a fission model should not be limited to its ability to reproduce known
experimental results, but must include a close examination of internal consistency in the
inner workings of the model. All fission models are necessarily built on approximations and
hypotheses, what is important is whether those approximations and hypotheses, validated
in systems where experimental data are available, still hold where there are no available
measurements.

In each of the phenomenological models we have studied, microscopic calculations, which

are not tuned to the fission observables of interest, could be used to replace many of the
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Figure 6: Same as Fig. (5), but for the %Zr fission product.

simplifying assumptions with self-consistent calculations. In the Ruben et al. model, the
spheroidal fragments can be replaced by a more realistic calculation of the nucleus at scission
[26] and the assumption of equal temperature of the fragments can be fully investigated using
temperature-dependent Hartree-Fock-Bogoliubov calculations. Deformation and internal
excitation energies can also be provided by microscopic calculations. In the Schmidt et al.
approach, the calculation of the mass yield strength and width is currently being explored
at LLNL using a fully microscopic theory wherein a wave packet over microscopic nuclear
states evolves to scission according to the laws of quantum mechanics.

Most usefully, in this analysis we have pinpointed the mechanisms by which the energy
dependence is introduced into these phenomenological models (Egs. (4) for Ruben et al., and
(13) and (16) for Schmidt et al), which rely essentially on the introduction of temperature.
Temperature in these phenomenological models is used to mimic the effects of exchanges of
energy between different degrees of freedom during the dynamical evolution of the nucleus to
scission. In contrast to the phenomenological models considered here, the dynamic exchange

of energy between degrees of freedom is explicitly calculated in the microscopic approaches to
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Figure 7: Average neutron multiplicity as a function of incident neutron energy calculated by the
GEF model and compared to the ENDF/B-VII evaluations for 235U(n, f) [21] (top panel) and

239Pu(n, f) [22] (bottom panel).

low-energy fission in development at LLNL. As we continue to develop this fully microscopic
theory of induced fission and of its dependence on incident energy, we will be in a position
to improve the ingredients in the phenomenological approaches in order to provide precise
and reliable results for nuclear data evaluations.

The author is grateful to D. Gogny for a critical reading of this report, and for many useful

suggestions. This work was performed under the auspices of the US Department of Energy
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Figure 8: Kinetic energy relative to the thermal-fission kinetic energy, plotted as a function of
fragment mass for £, = 1 MeV (top panel), 4 MeV (middle panel) and 6 Mev (bottom panel).
The solid points are data taken from [20], the solid red lines are the calculations of Ruben et al.

[1], and the dashed green line is the result extracted from the GEF code [9].
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